Name (Please Print)
TAS/TDS- Back paper Exam - Maximum Time: 3 hours Maximum Score: 100

1. (40 points) Let A,, be the events that are observable by time n.Let N € N. Consider
Oy ={w = (w1, ws,...,wy) 1 w; € {—1,+1}

equipped with the uniform distribution, denoted by P = Py. For 1 < k < N, let Xi : Qn —
{=1,1} be given by Xy(w) = wy and for 1 < n < N, let S, : Qy — {—1,1} be given by
Sp(w) =>4, Xi(w) and Sy = 0.

(a) Show that A, is closed under complimentation and intersections.
(b) For 1 <n < N, show that the mode of S,, is {0,1} that is

i . . P(Sgk:()) 1fn:2k;,keN o 2k 1
maX{P(Sna).aGZ}{p(s%_l:l) ifn=2k—1,keN (k: 92k

(c) For a < b,a,beZ,1<n< N show that
Pla <5, <b) <(b—a+1)P(S, € {0,1})
and conclude that ngnoo Pla < Sy <b)=0.
(d) Let —co<a<0<b<o0,a,b€Z,
0, =min{k > 1: S, =a} and op = min{k > 1: S, = b}.
(e) Let a € Nand 0, = min{k > 1: S, = a}. Show that

P(o, =n) = %]P’(Sn =a)

2. (20 points) For z € Z%, let | z |= Z?Zl | z; |. Let S, be the simple symmetric walk on Z%. Let
r = inf{n >0:| S, |= R}.

Let h: Z¢ — [0,00) be given by
h(z) =Py (130 < 71).
Show that
(a) h(z) =1 whenever | z |> 30
(b) h(x) =0 whenever |z |[<1
(c) h is harmonic on the set 1 <| z |< 30, i.e.

1 d
7d (Z T+ ed + h(;v — ed)>

whenever 1 <| z |< 30, where {e; : 1 <i < d} are the standard basis for Z<.



3. (20 points) Assume the following version of:

Cramer’s Theorem: Let (X;) be i.i.d. R—valued random variables such that
0 € interior{t € R: p(t) = Ee!™* < o0} (1)

Let S, =Y., X;. Then for all a > EX;

lim 1 logP(S,, > an) = —I(a), (2)

n—o00 N

where

I(z) = fgg[zt —log p(t)].

Find I: when X; ~
(a) X with P(X =a) =1 for some a € R.
(b) X where P(X = 1) = P(X =2) = P(X = 3) = 4,
4. (20 points) Consider a martingale where Z,, can take on only the values 4=~ and 1 —47""! each
with probability %
(a) Given that Z,, conditional on Z,,_1, is independent of Z,_o,Z,,_3,...,Z; find E[Z,, | Z,,—-1]

for each n so that the martingale condition is satisfied.

(b) Show that P(sup Z, > 1) = % #0=P(| J{Z, > 1})

n2l n>1

E|Z
(¢) Show that for all € > 0, P(sup Z,, > a) < a[ 1].
n>1 — €




